q-Breathers in Discrete Nonlinear Schroedinger arrays with weak disorder by Ivanchenko, M. V.
ar
X
iv
:0
81
2.
25
77
v1
  [
nli
n.P
S]
  1
4 D
ec
 20
08
q-Breathers in Disrete Nonlinear Shrödinger arrays with weak disorder
M. V. Ivanhenko
Department of Applied Mathematis, University of Leeds, LS2 9JT, Leeds, United Kingdom
Nonlinearity and disorder are key players in vibrational lattie dynamis, responsible for loaliza-
tion and deloalization phenomena. q-Breathers  periodi orbits in nonlinear latties, exponentially
loalized in the reiproal linear mode spae  is a fundamental lass of nonlinear osillatory modes,
urrently found in disorder-free systems. In this paper we generalize the onept of q-breathers
to the ase of weak disorder, taking the Disrete Nonlinear Shrödinger hain as an example. We
show that q-breathers retain exponential loalization near the entral mode, provided that disorder
is suiently small. We analyze statistial properties of the instability threshold and unover its
sensitive dependene on a partiular realization. Remarkably, the threshold an be intentionally
inreased or dereased by speially arranged inhomogeneities. This eet allows us to formulate
an approah to ontrolling the energy ow between the modes. The relevane to other model arrays
and experiments with miniature mehanial latties, light and matter waves propagation in optial
potentials is disussed.
PACS numbers: 63.20.Pw, 63.20.Ry, 05.45.-a
A wealth of physial systems from natural rystals
to the utting-edge tehnology produts like miro and
nanomehanial system arrays are spatially extended and
disrete. Interation between their elements is a key
soure for a number of fundamental dynamial and statis-
tial physial phenomena inluding thermal ondutivity,
wave exitation and propagation, eletron and phonon
sattering. To provide with a full understanding of these
proesses the theory of olletive vibrational modes is
in demand. The prinipal question to be answered is
the eet of the two fundamental features of any lattie:
nonlinearity and disorder.
In reent deades we have witnessed a remarkable
progress in studying their impats separately. Nonlinear-
ity indues interation between linear normal modes and
energy sharing if it is strong enough (the Fermi-Pasta-
Ulam (FPU) problem) [1, 2℄, or exponential loalization
of exat periodi solutions (disrete breathers) in spae
[3℄. Independently, disorder leads to exponentially loal-
ized linear vibrational modes (Anderson modes) [4℄.
However, the onurrent eet of nonlinearity and
disorder has not reeived a satisfatory full desription
yet. Strongly disordered and weakly nonlinear latties
enjoy intensive researh, in partiular, on ontinuation
of Anderson modes into nonlinear regime [5℄, wavepaket
spreading [6℄, light propagation in photoni latties [7℄,
and Bose-Einstein ondensate (BEC) loalization in ran-
dom optial potentials [8℄. In ontrast, little is known in
ase of pronouned nonlinearity and weak disorder. Im-
portantly, this situation is realized in miro and nano-
mehanial osillatory arrays that are often driven into
nonlinear regime, while the spatial disorder is onstantly
redued by improving fabriation tehniques [9, 10℄.
On the atomi sale, the surfae vibrational modes are
thought to be a soure of seletive atalyti properties
of three-dimensional gold nano-lusters for a variety of
hemial reations [11℄. Light propagation and BEC dy-
namis in random optial media are equally strong mo-
tivating problems.
q-Breathers (QBs) present a reently disovered funda-
mental lass of nonlinear osillatory modes. They are ex-
at time-periodi solutions to nonlinear lattie equations,
ontinued from linear normal modes and exponentially
loalized in the linear mode spae. Introdued to explain
the FPU paradox (energy loking in the low-frequeny
part of the spetrum, reurrenies, and size-dependent
stohastiity thresholds) [12℄, they have been found in
two and three dimensional FPU arrays and disrete non-
linear Shrödinger (DNLS) latties [13℄; last year quan-
tum QBs were observed in the Bose-Hubbard hain [14℄.
QBs have been suggested as key ators in a BEC pulsat-
ing instability [15℄ and a four-wave mixing proess in a
nonlinear rystal [16℄.
In this paper we extend the onept of q-breathers to
random arrays, implementing the paradigmati DNLS
model as an example. The ornerstones of our approah
are ontinuation of QBs into non-zero 'frozen' disor-
der, taking a nonlinear loalized solution as a seed, and
analysing statistis then. We show that QBs display the
rossover from the exponential loalization near the en-
tral mode to the power-law deay at a distane. Their av-
erage linear stability threshold in nonlinearity keeps the
same value in the rst order approximation. The vari-
ane inreases linearly with disorder, manifesting high
sensitivity on partiular realizations. Finally, we demon-
strate, that the superimposed periodi modulation of the
linear oupling strength an be a means of the energy
ow ontrol.
The DNLS lattie is represented by the Hamiltonian
H =
∑
n
((1 +Dκn)ψn−1ψ∗n + (1 +Dκn+1)ψn+1ψ
∗
n+
+
µ
2
|ψn|4),
(1)
2and the equations of motion are iψ˙n = ∂H/∂ψ
∗
n:
iψ˙n = (1+Dκn)ψn−1+(1+Dκn+1)ψn+1+µ |ψn|2 ψn (2)
Here ψ is a omplex salar that may desribe the slow
small-amplitude dynamis of a lassial nonlinear osil-
lators array [17, 18℄, probability amplitude of an atomi
loud on an optial lattie site [19℄, or the amplitudes of
a propagating eletromagneti wave in an optial waveg-
uide [20℄. Zero boundary onditions apply: ψ0 = ψN+1 =
0. µ and D are the nonlinearity and disorder parameters,
random κn ∈ [−1/2, 1/2] are uniformly distributed and
unorrelated: 〈κnκm〉 = σ2κδn,m, σ2κ = 1/12. Beside the
total energy, the norm B =
∑
n
|ψn|2 is onserved. Chang-
ing µ is stritly equivalent to hanging the norm B, thus
we x B = 1 further on. The anonial transformation to
the reiproal spae of normal modes with new variables
Qq(t) is given by
ψn(t) =
√
2
N + 1
N∑
q
Qq(t) sin
piqn
N + 1
, (3)
and the dynamis in this spae reads:
iQ˙q +ΩqQq =
ρ
2
∑
p,r,s
Gq,p,r,sQpQrQ
∗
s + d
∑
p
Vq,pQp,
(4)
where ρ = µN+1 , d =
D√
N+1
, Ωq = −2 cos piqN+1 are
the normal mode frequenies for the linear disorder-
free system with µ = D = 0. The nonlin-
ear intermode oupling oeients are Gq,p,r,s =∑
±
(−1)(±p)(±r)(±s) (δq±p±r±s,0 + δq±p±r±s,±2(N+1)) and
the disorder indued ones read Vq,p =
2√
N+1
×
N−1∑
n=1
κn(sin
piqn
N+1 sin
pip(n+1)
N+1 + sin
piq(n+1)
N+1 sin
pipn
N+1 ).
In the disorder-free ase QBs are time-periodi sta-
tionary solutions ψn(t) = φn exp(iΩt) with the frequeny
Ω and time-independent amplitudes φn loalized in nor-
mal mode spae. In the q-spae they have the form
Qq(t) = Aq exp(iΩt), the amplitudes of the modes Aq
being time-independent and related to the real-spae am-
plitudes by the anonial transformation (3); the mode
energies are dened as Bq = |Aq|2. Here we fous on
time-reversible periodi orbits and, thus, onsider Aq to
be real numbers. The amplitudes satisfy a losed system
of algebrai equations:

(Ωq − Ω)Aq = ρ
2
∑
p,r,s
Gq,p,r,sApArA
∗
s + d
∑
p
Vq,pAp,
∑
q
|Aq|2 −B = 0
(5)
Our methodology onsists of two steps. Firstly, we
take a known QB solution for non-zero nonlinearity [13℄.
A partiular realization of {κn} is hosen and d regarded
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FIG. 1: The average mode energy distribution in QBs with
inrease of disorder, where µ = 0.1, N = 100 : (a) the low
frequeny mode q0 = 11 and (b) the middle frequeny mode
q0 = 53. Filled irles are analytial estimates (11)
as the disorder parameter. Together with the nonlin-
earity parameter ρ, it is assumed to be small ρ, d ≪ 1.
Then, an asymptoti expansion in powers of {ρ, d} is de-
veloped. Subsequent linear stability analysis employs the
onstruted solution. Seondly, statistial properties of
the QB solution and the instability threshold are ana-
lyzed.
Continuation of QBs from µ 6= 0, D = 0 to µ,D 6= 0
exploits the same ideas as from µ = D = 0 to µ 6=
0, D = 0 [13℄. For small amplitude exitations the non-
linear and disorder terms in (4) an be negleted and
the q-osillators get deoupled, their harmoni energy
Bq = |Qq|2 being onserved in time. Single q-osillator
exitations (Bq 6= 0 for q ≡ q0 only) are trivial stationary
and q-loalized solutions for β = D = 0.
In the disorder-free ase suh periodi orbits an be
ontinued into the nonlinear ase at xed total energy
[13℄ by solving the system of algebrai equations (5),
granted by the impliit funtion theorem [21℄, as the non-
resonane ondition Ωq0 6= Ωq 6=q0 holds. This is valid for
d ≪ 1 as well, for the spetrum remains non-resonant
with the probability 1 [5℄. Numerially, we were able to
ontinue QBs into the β,D 6= 0 domain for all parameters
taken.
Typial results for the low-frequeny and middle-
frequeny QBs are shown in Fig.1. They demonstrate
the rossover between the exponential loalization and
the disorder indued bakground. The disorder-free ex-
ponential loalization persists in some neighborhood of
the entral mode for suiently small disorder, but is
range shrinks as disorder grows. High-frequeny QBs be-
have analogously.
Let us onstrut an asymptoti expansion for the
QB solution. We assume ρ, d ≪ 1 and start from
3the disorder-free QB prole ANLq for the modes q0,
3q0,. . . ,(2n+ 1)q0,. . .≪ N in the leading order of ρ [13℄:
ANL(2n+1)q0 = (−1)nγnAq0 , γ =
µ(N + 1)
16pi2q2
Bq0 ,
ΩNL = Ωq0 −
ρ
2
A2q0
(6)
We seek an asymptoti expansion in powers of d ≪ 1:
Aˆq = A
(0)
q + dA
(1)
q + O(d2, ρd), Ωˆ = Ω(0) + dΩ(1) +
O(d2, ρd), where A
(0)
q = ANLq , Ω
(0)
q = ΩNLq . Substitu-
tion into (5) gives
A(1)q =
Vq,q0
Ωq − Ωq0
Aq0 , q 6= q0, Ω(1) = −Vq0,q0 (7)
The ensemble average of the "disorder ontribution" to
the energy BDOq =
∣∣∣dA(1)q
∣∣∣2 is
〈
BDOq
〉
=
2d2σ2κ(1 + ΩqΩq0/4)
(Ωq − Ωq0)2
Bq0 , (8)
that approximates well the disorder-dominated part of
the numerially obtained QB proles in dierent parts
of the linear spetrum (Fig.1). The power-law deay〈
BDOq
〉 ∝ (q − q0)−2 ts in the large part of the q-
spae. One an estimate the rossover loation between
the exponential deay and the power-law, in partiular,
when the modes next the to the entral one beome ex-
ited almost equally well. Letting q = q0 + 1 we obtain
the "small" σκD ≪ pi/(2(N + 1)3/2) and the "large"
σκD ≫ pi/
√
(N + 1) disorder riteria for deloalization
of the least robust modes q0 = 1, N and the most ro-
bust one q0 = N/2. Thus, single-ite entered modes do
not exist above the size-dependent threshold in disorder
magnitude. (Note, that deloalization in the mode spae
approximately orresponds the onset of the Anderson lo-
alization in the diret spae.)
The linear stability of QBs is determined by on-
sidering the evolution of small omplex-valued pertur-
bations ζq(t) to the stationary solution [13℄: Qq(t) =
(Aˆq + ζq(t)) exp (iΩt). In linearized equations the stabil-
ity requires all the eigenvalues be negative. Numerially
we solve the orrespondent problem in the diret spae
(2). In the following we restrit our attention to the
low and middle-frequeny QBs, leaving the more om-
plex ase of q0 > N/2 (when for D = 0 the instability
threshold behaves erratially vs. q0 [13℄) for the future
study.
We nd, that the instability develops similarly for zero
and non-zero disorder, the inrease or derease of the
threshold µ∗ sensitively depending on a partiular real-
ization (Fig.2). The average 〈µ∗〉 remains very lose to
the zero-disorder value µ∗0. In ontrast, the variane σµ∗
is signiantly growing, depending on D almost linearly
(Fig.2, deviations being observed when the probability of
µ∗ being next to zero beomes substantial).
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FIG. 2: (a) The maximal eigenvalues θ of QBs with q0 =
15, N = 128 and two dierent sets of {κn} vs. the nonlinearity
oeient for several values of disorder strength D. For one
realization of disorder the instability threshold is inreasing
with D, for another  dereasing. (b) The variane of the
QB instability threshold σµ∗ vs. D. Solid lines are analytial
estimates (11)
The analyti study of the QB stability has not been
done before (even for D = 0) and we present it here
for the rst time (restriting to q0 < N/2 as above).
Linearized equations for small perturbations read:
iζ˙q = (Ωˆ− Ωq)ζq + ρ
2
Bq0
∑
Gq,q0,q0,p(ζ
∗
p + 2ζp)
+ d
∑
Vq,pζp
(9)
In analogy to the FPU hain [12℄ we suggest (and verify
that by omparison with the numerial results) that the
eigenvetors for the main instability be almost parallel to
the subspae {ζq = 0 : q 6= q0 ± 1}. Thus we arrive at a
simpler task of nding eigenvalues of the system of two
omplex-valued linear equations (retaining O(ρ, d) terms
only):
iζ˙q0−1 = (Ωˆ− Ωq0−1 + dVq0−1,q0−1)ζq0−1+
+
1
2
ρBq0(ζ
∗
q0+1 + 2ζq0+1) + dVq0−1,q0+1ζq0+1,
iζ˙q0+1 = (Ωˆ− Ωq0+1 + dVq0+1,q0+1)ζq0+1+
+
1
2
ρBq0(ζ
∗
q0−1 + 2ζq0−1) + dVq0−1,q0+1ζq0−1
(10)
After an extensive algebra one nally gets the bifuration
point:
µ∗ ≈ µ∗0
(
1− d
pi2 |Ωq0 |
∆Vq0,q0
)
,
〈µ∗〉 ≈ µ∗0, σµ∗ ≈
Dσκ
√
3(N + 1)
Bq0
,
(11)
4where ∆Vq0,q0 = Vq0−1,q0−1 − 2Vq0,q0 + Vq0+1,q0+1, and
the disorder-free µ∗0 =
pi2|Ωq0 |
2Bq0 (N+1)
. It shows a good oin-
idene with the numerial results (Fig.2). Note, that in-
reasing the hain length dereases the instability thresh-
old and inreases its variation. Thus, in suiently large
arrays the solution will loose stability at very small non-
linearities with the probability, almost equal to that of
∆Vq0,q0 being negative, whih is 0.5 in our ase.
If the instability depends that sensitively on the
disorder realization, there must be ertain lasses of
inhomogeneities that augment it or suppress. Iden-
tifying them oers the possibility of ontrolling the
energy ow in the mode spae by designing spei
impurities and, further, hanging them in time. The
disorder indued orretion in (11) redues to ∆Vq0,q0 =
8√
N+1
N−1∑
n=1
κn
(
cos piq0(2n+1)N+1 sin
2 pi(2n+1)
2(N+1) +O(N
−2)
)
.
Note, that it is linear in κn, and, therefore, one an
represent κn as a sum of spatial Fourier omponents,
their ontributions being additive to ∆Vq0,q0 .
Let us onsider a harmoni inhomogeneity κn =
1
2 cos (
pip(n+1/2)
N+1 + ϕ), where ϕ is the phase shift. It is
natural to expet the absolute extrema of ∆Vq0,q0(p, ϕ)
(and the maximal gain or loss in stability) to be reahed
for p = 2q0. This ase yields ∆Vq0,q0 ≈
√
N + 1 cosϕ.
Thus, the bifuration point reahes its maximum and
minimum for ϕ = pi and ϕ = 0 respetively, giving
µ∗ ≈ µ∗0
(
1± D(N+1)2
pi2|Ωq0 |
)
. At the same time one gets a
zero shift for ϕ = ±pi2 . Analogously, for p = q0 ± 1 one
gets µ∗ ≈ µ∗0
(
1± 8D(N+1)2
3pi3|Ωq0 | sinϕ
)
, whih is −pi2 shifted
in ϕ and has a bit smaller amplitude. For p = q0 ± 2 it
reads µ∗ ≈ µ∗0
(
1 + D(N+1)
2
2pi2|Ωq0 | cosϕ
)
, whih is pi shifted in
ϕ and has twie a smaller amplitude. Larger deviations
from 2q0 lead to progressively dereasing shifts.
These results are illustrated in Fig.3, and show a
good orrespondene to the numerially determined QB
stability. Summing up, the spatial Foirier omponents
p ∈ [2q0 − 2, 2q0 + 2] of {κn} are deisive for the q0-QB
stability. The dependene is notably dierent and muh
more ompliated than the possible "naïve" expetation
that harmoni inhomogeneities with p = q0 will most ef-
fetively stabilize or destabilize q0-QBs. A remarkable
fat is the sensitive dependene on the phase of the im-
purity harmonis: even for a xed p opposite shifts in
the threshold our. Presumably, this is the onsequene
of the deformation of the linear spetrum due to inho-
mogeneities, as ∆Vq0,q0 is, atually, the dierene in the
frequeny shifts of linear modes (7). In its turn, this is
determined by the boundary onditions, whih also aet
the nonlinearity indued interation. It learly highlights
one of the future diretions of study.
These ndings suggest a possibility of ontrolling the
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FIG. 3: The instability threshold for QBs with q0 = 10, N =
32 and κn =
1
2
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“
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”
. Dash-dotted and marked
lines are numerial results for (2), solid lines are analytial
estimates
energy ow between modes. Indeed, by imposing a
proper spatially periodi modulation of the linear ou-
pling one an destabilize ertain QB exitations and (i)
speed up equipartition or (ii) stabilize others, where the
energy will be radiated to and trapped. New QBs may
also be destabilized to arrange a further energy ow. Ex-
perimentally, in miniature mehanial latties inhomo-
geneities an be reated, for example, by laser heating,
either as harmoni or spot impurities, like it was designed
to ontrol disrete breathers reloation in antilever ar-
rays [9℄. In optial latties one an implement the same
tehnique that has been reently used for generating dis-
ordered potentials in studies of the Anderson loalization
of light [7℄ and matter (BEC) [8℄ waves.
In summary, we have generalized the onept of QBs
to the ase of non-zero disorder and analyzed these non-
linear vibrational modes in weakly disordered DNLS ar-
rays. We demonstrated, that QBs remain exponentially
loalized in the mode spae and stable, if the disorder
is suiently small. Their stability depends sensitively
on a partiular realization of disorder, and may be en-
haned or undermined. The prevailing ontribution to
the stability is made by the spatial harmonis of disor-
der whih wave numbers are lose to twie of that of the
QB seed mode. Thus, inhomogeneities design appears to
be a promising tehnique of ontrolling the energy ow
between nonlinear modes. We expet these ideas and
methods to apply to a variety of nonlinear weakly disor-
dered latties  and have already demonstrated it for the
FPU hain (to be reported elsewhere)  to name the dis-
order oming from other soures (masses, nonlinearities),
higher dimensions, and quantum arrays. We believe that
the results on the nonlinear modes sustainability, stabil-
ity, and ontrolling will be widely adopted in experiments
5and appliations.
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